Mappings of Conjugation of Quaternion Algebra 



Aleks Kleyn 



Abstract. In the paper I considered mappings of conjugation of quaternion 
algebra. I proved the theorem that there is unique expansion of i?-linear map- 
ping of quaternion algebra relative to the given set of mappings of conjugation. 
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1. Preface 

The theorems [1]-2.5.1, [3J-1.5.1 state that i?-linear mapping of complex field has 
form 

(1.1) f = a + boI 

(1.2) (a + bol) oz = az + bz 
where 

I o z = ~z 

is conjugation of complex field. The identity map is linear homomorphism. Conju- 
gation is antilinear homomorphism. 

The paper [2], I discovered that there exist nontrivial linear automorphisms of 
quaternion algebra. It inspired me to assume that it is possible to expand i?-linear 
mapping into a sum of linear and antilinear automorphisms. Such an expansion 
exists (the theorem [2]-12.1 ). However such an expansion of linear mapping does 
not allow us to select in the set of linear mappings a class of mappings that would 
be similar to the linear homomorphism (the example [2J-12.3 ). 
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The dimension of complex field equals 2, however the dimension of quaternion 
algebra equals 4. So a task to find a satisfactory expansion of the linear mapping 
relative to the basis consisting of linear and antilinear homomorphisms is not easy 
task. 

The mapping / in the equation (1.1) is conjugation. However we cannot find 
expansion of linear mapping into sum of identity map and conjugation, because th 
set of these mappings is too small to construct the basis. 

Conjugation is a mapping of symmetry. Under conjugation, the coefficients of the 
i, j, k change sign. In this paper, I want to explore how it will look the expansion 
of linear map, if I select a basis of mappings 

(E,I,J,K) 

where each of these mappings change sign of only one coefficient. 

2. Conventions 

Convention 2.1. Let A be free finite dimensional algebra. Considering expansion 
of element of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in algebra. In 
expression a 2 , it is not clear whether this is component of expansion of element a 
relative basis, or this is operation a 2 = aa. To make text clearer we use separate 
color for index of element of algebra. For instance, 



□ 

Convention 2.2. If free finite dimensional algebra has unit, then we identify the 
vector of basis eo with unit of algebra. □ 



Without a doubt, the reader may have questions, comments, objections. I will 
appreciate any response. 



Consider mapping 



3. Mapping E 



E : H -> H Eox 



E 
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Theorem 3.1. We can identify the mapping 

aoE : H -> H a 6 H 

and matrix 

( 



(3-1) 



Jla 



a° -a 1 


-a 2 


-a 3 


a 1 a 


-a 3 


a 


a 2 a 3 


a 


-a 1 


a 3 -a 2 


a 


a 
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Proof. The product of quaternions 

a = a° + a 1 i + a 2 j + a 3 k 

and 

x = x° + x 1 i + x 2 j + x 3 k 

has form 

ax = a°x° - a 1 x 1 - a 2 x 2 - a 3 x 3 + (a°x 1 + a 1 x° + a 2 x 3 
+ (a°x 2 + a 2 x° + a 3 ^ 1 - o}x 3 )j + (a°x 3 + a 3 x° + a 1 
Therefore, function f a (x) — ax has Jacobian matrix (3.1). 
Theorem 3.2. We can identify the mapping 

a-kE :H^H aeH 



and matrix 



(3.2) 



Jra 



Proof. The product of quaternions 



x = x° + x 1 i + x 2 j + x 3 k 



and 



a = a + a 1 i + a 2 j + a 3 k 

has form 

xa = x°a° - x 1 a 1 - x 2 a 2 - x 3 a 3 + (x°a 1 + x 1 a° + x 2 a 3 

,/02, 20, 31 1 3\ ,/03, 30, 1 

+ (x a + x a + x a — x a )j + {x a + x a + x 
Therefore, function f a {x) = xa has Jacobian matrix (3.2). 

4. Mapping 7 

Consider mapping 



/ :H -> H I ox 
1 II = - 



T 

1 



•1 11 



I = 



(l 
0-100 

10 

yO 1 



x i + x j + x k 
= 1 7| = 1 
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Theorem 4.1. We can identify the mapping 

aol : H -> H a E H 

and matrix 



(4.1) 



(4.2) 

Proof. The product of quaternions 

a = a + o}i + a 2 j + a 3 k 

and 



a 


a 


-a 2 


-a 3 


a 


-a 


-a 3 


a 


■ 

a 


-a 3 


a 


-a 1 


a 


a 


a 


a 


Ila 


= E t 


ao 1 





I o x = x° — x 1 i + x 2 j + x 3 k 



has form 

aol ox = a°x° + a 1 x 1 - a 2 x 2 - a 3 x 3 + (-a°x 1 + a 1 x° + a 2 x 3 - a 3 x 2 )i 

,/02, 20 31 1 3\ ,/03, 30, 12, 2 1\ ; 

+ (a x + a x —ax — a x )j + {a x + a x + a x + a x )k 

Therefore, function f a o x = ao I o x has Jacobian matrix (4.1). The equation (4.2) 
follows from the chain of equations 



El.ao°I 



\ 



a 


-a 1 


-a 2 


-a 3 


a 


a 


-a 3 


2 

a 


a 


a 


a 


-a 1 


a 


-a 2 


a 


a 


a 


a 


-a 2 


-a 3 


a 


-a 


-a 3 


2 

a 


a 


-a 3 


a 


-a 1 


a 


a 


a 


a 



10 
0-100 



10 
\0 1 



— Ila 



J 



□ 



Theorem 4.2. We can identify the mapping 

a*I: H -> H a e H 

and matrix 



(4.3) 



V a 



a 


a 


-a 2 


-a 3 


a 


-a 


a 


-a 2 


a 


a 


a 


a 


a 


—a 


-a 1 


a 
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(4.4) I r . a = E r . a0 °I 

Proof. The product of quaternions 

I o x = x° — x x i + x 2 j + x 3 k 

and 

a = a + a}i + a 2 j + a 3 k 

has form 

(7 o x)a = x°a° + x 1 a 1 - x 2 a 2 - x 3 a 3 + (x°a 1 - a; 1 a + x 2 a 3 - x 3 a 2 )i 

+ (x°a 2 + x 2 a° + x 3 ^ + x x a 3 )j + {x°a 3 + x 3 a° - x 1 a 2 - x 2 a 1 )k 

Therefore, function f a °x = a-klox has Jacobian matrix (4.3). The equation (4.4) 
follows from the chain of equations 



/ 


a 


-a 1 


-a 2 


-a 3 






(i 













a 


a 


a 


—a 




O 





-1 










a 


-a 3 


a 


a 




O 








1 





V 


a 


a 


-a 1 


a 


) 












1 


/ 


a 


a 


-a 2 


-a 3 
















a 


-a 


a 
a 


—a 
a 




3-r-a 










a 


a 














V 


a 


-a 2 


-a 1 


a 


) 













□ 

5. Mapping J 

Consider mapping 

,/ : H — >• H J o x ~ x° + x 1 i — x 2 j + x 3 k 

J° = l J\ = l J| = -l J| = l 



J = 



1 














1 














-1 














1 



Theorem 5.1. We can identify the mapping 

aoJ: H -> H aeH 
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and matrix 



(5.1) 



Jla 



(5.2) 

Proof. The product of quaternions 



a 


-a 1 


a 


-a 3 


a 


a 


a 


a 


a 


a 


-a 


-a 1 


a 


-a 2 


-a 1 


a 


Jla 


= E X 


ao J 





a 1 i + a 2 j + a 3 k 



and 



a 1 ^ 1 + a 2 x 2 - a 3 x 3 + (aPx 1 + a}x° + a 2 x 3 + a 3 x 2 )i 



J o x = x° + x x i — x 2 j + x 3 k 

has form 

a o J o x = a°x° 

+ (-a°x 2 + a 2 x° + a 3 ^ 1 - a 1 ^ 3 ^ + (a°x 3 + a 3 x° - a x x 2 - a 2 x 1 )k 

Therefore, function f a ° x = ao J ox has Jacobian matrix (5.1). The equation (5.2) 
follows from the chain of equations 



Ei. a0 ° J 



( 


a 


-a 1 


-a 2 


-a 3 






(i 
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a 


-a 3 


■ 

a 




O 





1 










a 


a 


a 


-a 1 




O 








-1 





\ 


a 


-a 2 


a 


a 


) 




1° 








1 


/ 
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-a 1 


a 


-a 3 
















a 


a 


a 
-a 


a 




— Jha 










a 


a 


-a 1 














V 


a 


-a 2 


-a 1 


a 


) 
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Theorem 5.2. We can identify the mapping 

a-kl : H ->• H a e H 

and matrix 



(5.3) 



(5.4) 



a 


-a 1 


a 


-a 3 


a 


a 


-a 3 


—a 


a 


-a 3 


-a 


a 


a 


a 


a 


a 


Jra 


= E r 


J 
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Proof. The product of quaternions 

J o x = x° + x x i — x 2 j + x 3 k 

and 

a = a + a x i + a 2 j + a 3 k 

has form 

(J o x)a = x°a° - x 1 a 1 + x 2 a 2 - x 3 a 3 + (a^a 1 + a; 1 ^ 



x 2 a 3 



x 3 a 2 )i 



+ (x u a 2 - x 2 a u + x A o} - x^a^j + (x u a 3 + x 3 a" + x^a 2 + x 2 a 1 )k 

Therefore, function f a °x = a-kjox has Jacobian matrix (5.3). The equation (5.4) 
follows from the chain of equations 



V a 
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-a 1 


-a 2 


-a 3 
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■ 

—a 
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-a 3 
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-a 1 
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a 


-a 2 


-a 3 


a 


-a 
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—a 
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-a 2 


-a 1 


a 



\ 
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o o o\ 

-10 



1 
1 
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Consider mapping 

K : H 



6. Mapping K 



K° = l K{ = 1 K 2 



1 K 3 = 



H K o x = x + xi + x j 

2 
2 

1 1 n n o > 






-1 



K 



1 
10 
1 



7 



v o -1 
Theorem 6.1. We can identify the mapping 

aoK : H -> H a£H 

and matrix 



(6.1) 



Kl. a 



V a 
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-a 1 


2 

—a 
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-a 3 


—a 


■ 
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a 


-a 2 


a 


-a 
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(6.2) Ki. a = Ei. ao °K 

Proof. The product of quaternions 

o i 1-, 2-, 

a = a +ai + aj + a 

and 



K o x = x° + x 1 i + x 2 j — x 3 k 



has form 



a o K o x = a°x° — o^x 1 



a 2 x 2 + a 3 x s + (aPx 1 + a 1 x° - a 2 x 3 - a 3 x 2 )i 



, / 2 . 20, 31, 1 3\ • , / 03, 30, 12 2 1\; 

+ (a x + a x + a x + a x )j + (—a x + a x + a x — a x )k 

Therefore, function f a °x = aoKox has Jacobian matrix (6.1). The equation (6.2) 
follows from the chain of equations 



E hao °K 



a 


-a 1 


-a 2 


-a 3 
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-a 3 
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a 


-a 1 


a 


-a 2 


a 


a 


a 


-a 1 


-a 2 


a 


a 


a 


-a 3 


2 

—a 


a 


a 


a 


a 


a 


-a 2 


a 


-a 



\ 



(l o \ 

10 

10 

\0 -11 

K,. n 



V a 



Theorem 6.2. We can identify the mapping 

a*K : H -> H a£H 

and matrix 



□ 



a 


-a 1 


-a 2 


a 


a 


a 


a 


2 

a 


a 


-a 3 


a 


-a 1 


a 3 


a 


-a 1 


-a 




= E r 


ao°K 





(6.3) K r . a 



(6.4) 

Proof. The product of quaternions 

K o x = x° + x x i + x 2 j — x 3 k 

and 

a = a° + a 1 i + a 2 j + a 3 k 

has form 

(K o x)a = x°a° - x 1 a 1 - x 2 a? + x 3 a 3 + (x°a 1 + x 1 a° + x 2 a 3 + x 3 a 2 )i 

+ (x°a 2 + x 2 a° - x 3 ^ - x 1 a 3 )j + (x°a 3 - x 3 a° + x 1 a 2 - x 2 a 1 )k 
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Therefore, function f a °x = a*Kox has Jacobian matrix (6.3). The equation (6.4) 
follows from the chain of equations 
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a 


-a 1 


-a 2 


-a 3 






(i 
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—a 




O 





-1 
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-a 3 


a 


a 




O 








1 
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a 


-a 1 
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) 




1° 
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a 
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-a 


-a 2 
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-a 3 
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a 






3-r-a 
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a 


a 
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a 


-a 2 


-a 1 


a 


) 













□ 

7. Linear Mapping 
Theorem 7.1. Linear mapping of quaternion algebra 







/: 


H -> 






has unique expansion 












(7.1) 


/ = a 


oE + ai 


o7 + 


a 2 o J - 




In this case 












(7.2) 


a 


= ^(-/o 


+ A 1 




/I) 


(7.3) 


«i 


= ^(/o " 


fx) 






(7.4) 


a 2 


= ^(/o ~ 


/I) 






(7.5) 




= ^(fo ~ 


/I) 






(7.6) 


«o 


= ^(-fo 


-/l 




/I) 


(7.7) 


al 


= \& + 


-A ) 






(7.8) 


a 2 


= ^(/o 1 - 


/I) 






(7.9) 


«3 


= \& + 


-/I) 
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(i 1 ^^ 
y ( .1UJ 


2 

a a = 


2 l /o 


- Ji " 


- h 


_i_ 


/7 1 1 \ 

(7.11) 


_2 

"l - 


^ C f 2 _i_ 

2 (/o + 


/lJ 






(*7 1 *^ 

( 1 .IZ) 


_2 

a 2 — 




72 J 






(7.13) 


2 

a 3 = 


V 2 


/a) 






(7.14) 


a = 




+ li- 


-ft 


-fS) 


(7.15) 


of = 


2 (/ ° " 


ft) 






(7.16) 


„3 

"2 = 


i(/o 3 + 








(7.17) 


«3 = 




/s°) 






Proof. Linear mapping 


(7.1) has matrix 







(7.18) 



/ „? 



«2 

1 



-a 2 



o 2 



-of 



-a? 



/ 



V 



-a? 



-«3° / 



From a comparison of matrix of the mapping / and matrix (7.18), we get the sys- 
tem of linear equations 



(7.19) 


/ 


= 4 + 


4 + 


4 + 


4 


(7.27) 


/ 


= 4 + 


4 + 


4 + 


o 3 


(7.20) 


/ 


= ~4 


+ a\ 


- 4 


- 4 


(7.28) 


/ 


= 4- 


4 + 


4 + 


«3 


(7.21) 


/ 


= -°>o 


-4 


+ 4 


-4 


(7.29) 


/ 


= 4 + 


4- 


4 + 


4 


(7.22) 


./' 


= -4 


-4 


-4 


+ 4 


(7.30) 


/ 


= -4 


-4 


- 4 


+ a 


(7.23) 


/ 


= 4 + 


4 + 


4 + 




(7.31) 


/ 


= 4 + 


4 + 


4 + 


4 


(7.24) 


/ 


= 4- 


4 + 


4 + 


4 


(7.32) 


/ 


= -4 


+ 4 


- 4 


— a 


(7.25) 


/ 


= -4 


-4 


+ 4 


-4 


(7.33) 


/ 


= 4 + 


4- 


4 + 


«3 


(7.26) 


/ 


2 1 

= a + 


4 + 


4 - 


«3 


(7.34) 


/ 


= 4 + 


4 + 


4- 


«3 



The equation (7.3) follows from equations (7.19), (7.24). The equation (7.4) 
follows from equations (7.19), (7.29). The equation (7.5) follows from equations 
(7.19), (7.34). The equation (7.2) follows from equations (7.3), (7.4), (7.5), (7.19). 
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The equation (7.7) follows from equations (7.23), (7.20). The equation (7.8) 
follows from equations (7.23), (7.33). The equation (7.9) follows from equations 
(7.23), (7.30). The equation (7.6) follows from equations (7.7), (7.8), (7.9), (7.23). 

The equation (7.11) follows from equations (7.27), (7.32). The equation (7.12) 
follows from equations (7.27), (7.21). The equation (7.13) follows from equations 
(7.27), (7.26). The equation (7.10) follows from equations (7.11), (7.12), (7.13), 
(7.27). 

The equation (7.15) follows from equations (7.31), (7.28). The equation (7.16) 
follows from equations (7.31), (7.25). The equation (7.17) follows from equations 
(7.31), (7.22). The equation (7.14) follows from equations (7.15), (7.16), (7.17), 
(7.31). □ 

It follows from the theorem [3J-2.6.4 (you can see also the theorem [l]-3.7.4) that 
the set of linear endomorphisms C{H] H) of quaternion algebra H is isomorphic to 
tensor product H <g> H. The theorem 7.1 states that we can consider the module 
C(H; H) as H-k- vector space with basis 

(E,I,J,K) 

Example 7.2. According to the theorem 3.2, mapping 



has matrix 



a-k E : H 



( a 



H a E H 
,3 \ 



-a 



a 



a 



o 



-a 



-a 



a 



According to the theorem 7.1 

n 1 



V a 

th 

(-a + a + a + a ) 



(-a 1 - (-a 1 ) + (-a 1 ) - a 1 ) 



(-a 



(-a 2 ) + (-« 2 )) 



(_ a 3 + ( _ a 3 } 



(-a 3 )) 



«1 


1/ 

= 2 (a 


-a°) 


«1 


=v 

2 V 


+ (-a 1 )) 


«1 




+ a 2 ) 


«1 




- (-« 3 )) 
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« 2 




-a ) 


rt 2 


= V 
2 V 


- (-a 1 )) 


a 2 


1/ 2 
— — f n, 

2 l 




a 2 




+ a 3 ) 

1 U J 


«3 




-a°) 


«3 


2 V 


+ a x ) 


2 
«3 




- (-a 2 )) 


«3 




+ (-« 3 )) 



Example 7.3. According to the theorems 3.1, 3.2, mapping 
f : H -> H f = aoE + a*E aeH 
f o x = ax + xa 

has matrix 



/ 


a 


-a 1 


-a 2 - 


a 








( 


a 


-a 1 


-a 2 




a 


a 


-a 3 


a 










a 


a 


a 




a 


a 


a - 


a 




+ 






2 

a 


-a 3 


a 


V 


a 


-a 2 


a 


a 


) 






V 


a 


2 

a 


-a 1 


/ 


2a° 


-2a 1 


-2a 2 




-2a 3 














2a 1 


2a° 
























2a 2 





2a° 



















V 


2a 3 










2a° 


J 











According to the theorem 7.1, 

ag = ^(-2a° + 2a° + 2a° + 2a°) 

a J = i(-2a 1 - (-2a 1 ) + 0-0) 

a 2 = ^(-2a 2 - - (-2a 2 ) + 0) 

a 3 = i(-2a 3 + - - (-2a 3 )) 
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"1 = 


^ to 

2 (2a 


— la ) 


a 1 = 


2 (2a 


+ (-2a )) 


2 

«1 = 


2 (2a 


+ 0) 


a? = 
l 


2 l 




a 2 = 


2 (2a 


— la ) 


l 

a 2 = 


2 (2a 


- 0) 


2 

a 2 = 


2 (2a 


+ (-2a )) 


3 

a 2 = 


1 /n 3 


+ 0) 


a° = 




-2a°) 


":S = 




+ 0) 


«3 = 




-o) 


«3 = 


i(2«» 


+ (-2a 3 )) 



□ 
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9. Special Symbols and Notations 



E linear automorphism of quatcrnioin 
algebra 2 

J l. a Jacobian matrix of left shift 2 
Jr a Jacobian matrix of right shift 3 
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OTo6pa>KeHHH conpaateHHa ajire6pbi KBarepHHOHOB 



AjieKcaHflp KjieiiH 



Ahhotaiimji. B CTaTte paccMOTpeHbi OTo6pa»ceHiisi conpjr*;eHH5i ajire6pi>i kbs- 
TepHHOHOB. ,ZI,OKa3aHa TeopeMa o e^HHCTBeHHOCTii pa3jio>KeHH5i i?-jiiiHeHHoro 
OToSpa^KGHHs anre6pi>i KBaTepHHOHOB othochtcjibho 3aflaHHoro MHO^KecTBa 

OToSpa^KGHHH COnpflJKeHHfl . 



COflEPJKAHHE 



1. Ilpe^,HCjiOBHe 1 

2. CorjiaineHHH 2 

3. 0To6pa»ceHHe E 2 

4. 0To6pa»ceHne / 3 

5. 0To6pa»ceHHe J 5 

6. 0To6pa»ceHHe K 7 

7. JliiHeiiHoe OTo6pajKeHne 9 

8. CniicoK jiHTepaTypti 14 

9. Cnei^HajibHbie chmbojim h o6o3Ha x ieHHa: 15 



1. UPEflHCJTOBHE 

TeopeMbi [1]-2.5.1, [3]-1.5.1 yTBepayjaiOT, hto i?-jiHHeiiHoe OTo6pa»ceHHe nojia 

KOMnjieKCHblX HHCejI HMeeT BHfl 

(1.1) f = a + boI 

(1.2) (a + bol) oz = az + bz 

I o z = ~z 

conpa>KeHHe nana KOMiuieKCHbix Hiiceji. Tco-K^ecTBeHHoe OTo6pa»ceHne HBjiaeTca 

JIHHefeblM rOMOMOp(pH3MOM. CoiipjDKeHIie HBJIHeTCH aHTHJIHHeilHbIM rOMOMOp(pH3- 
MOM. 

B CTaTte [2], h o6Hapyaaui, hto cymecTByiOT HeTpHBHajibHbie jiiraeHHbie aB- 
TOMopcpH3Mbi ajire6pbi KBaTepHHOHOB. Bto baoxhobhjio Metis npe/inojico-KHTb, hto 

B03MOJKHO pa3JIOJKHTb i?-JIHHeHHOe OTo6pajKeHHe B CyMMy JIHHeilHblX H aHTHJIIIHeft- 

hbix aBTOMopcpii3MOB. TaKoe pa3jio»ceHHe cymecTByeT (TeopeMa [2]-12.1 ). O/nmKO 
TaKoe pa3jiojKeHne jiHHeiteoro OTo6pajKeHHH He no3BOJiHeT BBi^ejiHTb b MHOacecTBe 

Aleks_Kleyn@MailAPS.org. 

http : // sites . google . com/site/AleksKleyn/ . 

http : //arxi v . org/ a/kleyn_a_ 1 . 

http : // AleksKleyn . blogspot . com/ . 
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AjieKcaHflp Kjichh 



jihhchhmx OTo6pa»ceHHH Kjiacc OTo6pa:HceHHH, KOTopbie 6bijih 6bi iioxojkh Ha jih- 
HeHHBiii roMOMopcpH3M (npiiMep [2]-12.3 ). 

Pa3MepHOCTb nojia KOMiuieKCHbix HHceji paBHa 2, o,n,HaKO pa3MepHOCTt> ajire6pbi 
KBaTepHHOHOB paBHa 4. IIosTOMy HaiiTH y^OBjieTBopHTejibHoe pa3jiCBKeHHe jiHHeii- 
Horo OTo6pajKeHHH othochtcjibho 6a3iica, cocTOHinero H3 jiHHefiHbix h aHTHjiHHeii- 
hbix roMOMopcpii3MOB, 3a,n;aHa HenpocTaa. 

OTo6pa»ceHHe I b paBeHCTBe (1.1) HBjiaeTCH conpa:>KeHHeM. OflHaKO mm He mo- 
aceM HaiiTH pa3jio»ceHHe jiiiHeiiHoro OTo6pa»ceHHH b cyMMy TCCKflecTBeHHoro oto6- 
pa»ceHHH h conpajKeHiiH, Tax KaK 3thx OTo6pajKeHHH He,n,ocTaTOHHO pjisi nocTpoe- 
hhh 6a3Hca. 

ConpsjKeHiie HBjiHeTCH OTo6pa>KeHHeM chmmctphh. IlpH conpsjKeHini, KcracpcpH- 
inieHTbi npn i, j, k MeranoT 3HaK. B stoh CTaTbe a xo^y H3yHHTb KaK 6ya,eT Bbi- 
rjiH^eTb pa3jiojKeHne jiiiHefiHoro OTo6pa^KeHHH, ecjin h b KanecTBe 6a3nca Bbi6epy 
OTo6pa>KeHHH 

(E,I,J,K) 

Tflfi KajKfloe H3 paccMaTpHBaeMbix OTo6pa:>KeHHH mchhct 3HaK TOjibKO oflHoro ko- 

3<p(pHHHeHTa. 

2. COrJIAIIIEHHfl 

CorjianieHHe 2.1. Tlycmb A - ceo6odnaH KoneuHO Mepnan aAse6pa. IIpu pa3A0- 
Mcenuu dJieMewma ajiee6pu A omHocumeAbHO 6a3uca e mu noAti3yeMCM odnou u 
mou Ofce Kopneeou 6yKeou 3ah o6o3HaueHiui 3mozo dAeMenma u ezo Koopdunam. 
OdnaKO e ajize6pe ne npunjono ucnoAt>3oeamb eeKmopnue o6o3HaHenusi. B eupa- 
otceHuu a 2 ne hcho - 9mo KOMnoHenma pa3A00KeHUSi SAeMewma a omnocumeAbHO 
6a3uca uau 3mo onepauuK eo3eedenuH e cmenenb. JJaji o6AezueHUfi umenuji meK- 
cma mu 6ydeM imdenc SAeMenma aAze6pu eudeAsimb v > eemoM. HanpuMep, 

a = a l Hi 

□ 

CorjianieHHe 2.2. Ecau ceo6odnaH KOHeHHOMepnasi a,Aze6pa UMeem eduHuuy, mo 
mu 6ydeM omomcdecmeAJimb eeKtnop 6a3uca eo c edunuupu aAze6pu. □ 

Be3 comhghhh, y HHTaTejia MoryT 6biTb Bonpocbi, 3aMeHaHHH, B03pa:sceHHH. 51 
6yny npii3HaTejieH jiio6oMy 0T3MBy. 

3. Otobpa>kehhe E 

PaccMOTpHM OTo6pa>KeHHe 

E : H ->• H Eox = x 




TeopeMa 3.1. Mu MowceM omocucdecmeumb omo6pacnceHue 

aoE : H -> H a e H 



OTo6pa>KCHHii conpn>KCHHii ajirc6pbi KBaTcpmioHOB 



u Mampui^y 



(3.1) 



Jla 



\ 



a 


-a 1 


-a 2 


-a 3 


a 


a 


-a 3 


a 


a 


a 


a 


-a 1 


a 


-a 2 


a 


a 



/(oKasamejibcmeo. IlpoH3BefleHHe KBaTepHHOHOB 

a = a + a x i + a 2 j + a 3 k 

H 

x = x° + x x i + x 2 j + x 3 k 

HMeeT BHfl 

ax = a°x° - a 1 x 1 - a 2 x 2 - a 3 x 3 + {a°x 1 + a x x° + a 2 x 3 - a 3 x 2 )i 
+ {a°x 2 + a 2 x° + a 3 x x - a 1 x 3 )j + (a°x 3 + a 3 x° + a 1 x 2 - a 2 x 1 )k 
CjieflOBaTejibHO, OTo6pa:»ceHHe f a (x) = ax HMeeT MaTpuny 51ko6h (3.1). 
TeopeMa 3.2. Mu MoofceM omojfcdecmeumt> omo6pac>tceHue 

a-kE : H -> H a e H 



u Mampway 



(3.2) 



Jra 



a 


-a 1 


-a 2 


-a 3 


a 


a 


a 


—a 


a 


-a 3 


a 


a 


a 


a 


-a 1 


a 



V 

JJoKasameAbcmeo. IlpoHSBefleHHe KBaTepHHOHOB 

x = x° + x x i + x 2 j + x 3 k 

H 

a = a° + a x i + a 2 j + a 3 k 



HMeeT bh,!]; 

xa = x°a° - x 1 a 1 - x 2 a 2 - x 3 a 3 + (x°a 1 + x 1 a° + x 2 a 3 - x 3 a 2 )i 
+ (x°a 2 + x 2 a° + x 3 a 1 - x 1 a 3 )j + (x°a 3 + x 3 a° + x 1 a 2 - x 2 a 1 )k 
CjieflOBaTejibHO, OTo6pa:sceHHe f a {x) = xa HMeeT MaTpinry 51ko6h (3.2). 

4. Otobpa>kehhe / 

PaccMOTpHM OTo6pajKeHHe 

/ : H -> H I o x = x° — x x i + x 2 j + x 3 k 



AjicKcaH^p Kjichh 



i = 

10 

J 

TeopeMa 4.1. Mu MocuceM omocncdecmeurm> omo6paotceHue 

aol : H -> H a E H 



1 














-1 














1 





1° 








1 



u Mampwuy 



(4.1) 



(4.2) 



a 


a 


-a 2 


-a 3 


a 


-a 


-a 3 


a 


a 


-a 3 


a 


-a 1 


a 


a 


a 


a 


ha 




ao 1 





\ 



/JoKa3ameAbcmeo. IIpoH3BefleHHe KBaTepniiOHOB 

a = a + a 1 i + a 2 j + a 



ii 



I o x = x° — x 1 i + x 2 j + x 3 k 



HMeeT Biifl 

aol ox = a°x° + a 1 x 1 - a 2 x 2 - a 3 x 3 + (-a°x 1 + a 1 x° + a 2 x 3 - a 3 x 2 )i 

+ (a°x 2 + a 2 x° - a 3 x 1 - a 1 x 3 )j + (a°x 3 + a 3 x° + a 1 x 2 + a 2 x 1 )k 

CjieflOBaTejibHO, OTo6pajKeHiie f a °x = a o I o x HMeeT MaTpiiny 5Iko6h (4.1) 
PaBeHCTBO (4.2) cjie^yeT H3 ubiiohkh paBeHCTB 

\ I \ n n n\ 



El. a o°I 



\ 



a 


-a 1 


—a 


-a 3 


a 


a 


-a 3 


2 

a 


a 


a 


a 


-a 1 


a 


-a 2 


a 


a 


a 


a 


-a 2 


-a 3 


a 


-a 


-a 3 


2 

a 


a 


-a 3 


a 


-a 1 


a 


a 


a 


a 



1 














-1 














1 





1° 








1 
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□ 



TeopeMa 4.2. Mu MocuceM omocncdecmeurm> omo6paotceHue 

a-kl: H -> H a E H 



OTo6pa>KCHHii conpn>KCHHii ajirc6pbi KBaTcpmioHOB 



u Mampuv^y 



(4.3) 



a 


a 


-a 2 


-a 3 


a 


-a 


a 


-a 2 


a 


a 


a 


a 


a 


-a 2 


-a 1 


a 


Ira 


= E r 


° T 

ao 1 





(4.4) 

/JoKasameAbcmeo. Iipoii3BefleHHe KBaTepHHOHOB 

/ o x = x° — x 1 i + x 2 j + x 3 k 



a = a + a^i + a 2 j + a 3 k 



HMeeT BHfl 



(I o x)a = x°a° + a; 1 a 1 - x 2 a 2 - x 3 a 3 + (x'V - x 1 ^ + x 2 a 3 - x 3 a 2 )i 

_0 3 , 3 _1_2 



, / 2 , 20, 31, 1 3\ • , /JO 3 , 30 12 21\i 

+ (x a +x a +x a + x a )j + (x a +x a — x a — x a )k 

Cjie/i,OBaTejibHO, OTo6pajKeHHe f a ox = a -k I o x HMeeT MaTpiiny 5Iko6h (4.3). 
PaBeHCTBO (4.4) cjie^yeT H3 nenoHKH paBeHCTB 



V a 



a 


-a 1 


-a 2 


-a 3 


a 


a 


a 


—a 


a 


-a 3 


a 


a 


a 


a 


-a 1 


a 


a 


a 


-a 2 


-a 3 


a 


-a 


a 


—a 


a 


a 


a 


a 


a 


-a 2 


-a 1 


a 



(l 






-10 
10 
1 



J 



5. Otobpa>kehhe J 

PaccMOTpHM OTo6pajKeHiie 

J : H — > H J o x = x° + x x i — x 2 j + x 3 k 



A 



Jq — 1 J\ — 1 J 2 



-1 Jf = l 



□ 



1 














1 














-1 














1 



6 AjicKcaHflp Kjichh 

TeopeMa 5.1. Mu MoofceM omocncdecmeumt> omo6pac>tceHue 

ao J : H ->• H a S H 



u Mampuv/y 



(5.1) 



Jla = 



a 


-a 1 


a 


-a 3 


a 


a 


a 


a 


■ 

a 


a 


-a 


-a 1 


a 


-a 2 


-a 1 


a 


Jla 




J 

ao J 





\ 



(5.2) 

/^OKa3ameA'bcmeo. npon3Be,z];eHHe KBaTepmiOHOB 

a = a + a 1 ^ + a 2 j + a 3 k 

H 

J o x = x° + x x i — x 2 j + x 3 k 

HMeeT BHfl 

a o J o x = a°x° - a 1 ^ 1 + a 2 x 2 - a 3 x 3 + (a ^ 1 + a 1 ! + a 2 x 3 + a 3 x 2 )i 

+ (-a°x 2 + a 2 x° + aV - a x x 3 )j + (a°x 3 + a 3 x° - a x x 2 - a 2 x 1 )k 

Cjie/i,OBaTejibHO, OTo6pajKeHHe f a o x = a o J o x HMeeT Ma/rpniry 5Iko6h (5.1). 
PaBeHCTBO (5.2) cjie^yeT H3 uenoHKii paBencTB 



El. ao ° J 



t 


a 


-a 1 


-a 2 


-a 3 






(i 








o\ 




a 


a 


-a 3 


a 










1 










a 


a 


a 


-a 1 




O 








-1 







a 


-a 2 


a 


a 


) 




1° 








V 


t 


a 


-a 1 


a 


-a 3 
















a 


a 


a 
-a 


a 
-a 1 




— Jl-a 










a 


a 
















a 


-a 2 


-a 1 


a 


) 













□ 



TeopeMa 5.2. Mu MootceM omocncdecmeum& omo6paotceHue 

a* J : H ->• H a 6 H 



u Mampum/ 



(5.3) 



Jr-a 



a 


-a 1 


a 


-a 3 


a 


a 


-a 3 


—a 


(I 


-a 3 


-a 


a 


a 


a 


a 


a 



OTo6paJKCHHfl COnpiDKCHHa ajirc6pbl KBaTCpHHOHOB 7 

(5.4) Jra = E r . ao J 

/JoKasameA&cmeo. IIpoH3BefleHHe KBaTepmiOHOB 

J o x = x° + x x i — x 2 j + x 3 k 

H 

a = a + a^i + a 2 j + a 3 k 

HMeeT Bim 

(J o x)a = x°a° - x 1 a 1 + x 2 a 2 - x 3 a 3 + (x ^ + x^a - x 2 a 3 - x 3 a 2 )i 

, / 2 20, 31 1 3\ • , / 3 , 30, 12, 2 1\ 7 

+ (x a — x a + x a — x a )j + {x a + x a + x a + x a )k 

Cjie/i,OBaTejibHO, OTo6pajKeHHe f a °x = a * J o x HMeeT MaTpiiny 5Iko6h (5.3). 
PaBeHCTBO (5.4) cjie^yeT H3 uenoHKii paBeHCTB 





I 


a 


-a 1 


-a 2 


-a 3 \ 




(i 















a 


a 


a 


2 

—a 


O 





-1 












a 


-a 3 


a 


a 1 


O 








1 







\ 


a 


a 


-a 1 


a° J 












1 




( 


a 


a 


-a 2 


-a 3 \ 
















a 


-a 


a 
a 


2 

—a 














a 


a 


a 1 














\ 


a 


-a 2 


-a 1 


«° J 













□ 

6. Otobpa>kehhe K 

PaccMOTpiiM OTo6pa>KeHHe 

K : H — s- H K ox = x° + x x i + x 2 j — x 3 k 



1 Kl 


= 1 


K 2 = 


1 Ki 




fl 





o) 









1 







K = 















1 














-v 





TeopeMa 6.1. Mu MootceM omocncdecmeumt> omo6pacnceHue 

aoK : H H aEH 



u Mampui^y 



AjieKcaHflp Kjichh 



Ki. 



a 


-a 1 


-a 2 


a 


a 


a 


-a 3 


■ 

—a 


a 


a 


a 


a 


a 


-a 2 


a 


-a 


Ki. a 


= E t 


ao°K 





(6.2) 

/JoKa3ameAbcmeo. IIpoH3BefleHHe KBaTepniiOHOB 

a = a° + a}i + a 2 j + a 3 k 



K o x ~ x° + x x i + x 2 j — x 3 k 



+ X l + x'j — X 

HMeeT BHfl 

aoK ox = a°x° - a x x x - a 2 x 2 + a 3 x 3 + (a ^ 1 + a^x - a 2 x 3 - a 3 x 2 )i 

+ (a°x 2 + a 2 x° + cfx 1 + a x x 3 )j + (-a°x 3 + a 3 x° + a 1 ! 2 - a 2 x 1 )k 

Cjie/i,OBaTejibHO, OTo6pa:»ceHiie f a °x = a o K o x HMeeT MaTpimy 5Iko6h (6.1) 
PaBeHCTBO (6.2) cjie^yeT H3 nenoHKH paBencTB 



Ei. a0 °K = 



\ 



a 


-a 1 


-a 2 


-a 3 


a 


a 


-a 3 


a 


a 


a 


a 


-a 1 


a 


-a 2 


a 


a 


a 


-a 1 


-a 2 


a 


a 


a 


-a 3 


—a 


a 


a 


a 


a 


a 


-a 2 


a 


-a 



10 o \ 

10 
1 

\0 -11 



K,. 



) 



TeopeMa 6.2. Mu MoatceM omocncdecmeumt> omo6paatceHue 

a-kK : H -> H aEH 



u Mampwuy 



(6.3) 



(6.4) 



a 


-a 1 


-a 2 


a 


a 


a 


a 


2 

a 


a 


-a 3 


a 


-a 1 


a 3 


a 


-a 1 


-a 


K 


= E r 


ao°K 





\ 







□ 



OTo6paJKCHHfl COnpflKCHHa ajirc6pbl KBaTCpHHOHOB 

/^OKaaamejibcmeo. ITpoHSBefleHiie KBaTepHHOHOB 



K o x — x° + x x i + x 2 j 



x 3 k 



a = a° + a 1 i + a 2 j + a 3 k 



HMeeT BHfl 



(K o x)a = x u a u - x 1 ^ - x 2 a 2 + x 3 a 3 + (oTa 1 + x l a? + x 2 a A + x A a 2 )i 

+ (x°a 2 + x 2 a° - scV - x 1 a 3 )j + (x°a 3 - x 3 a° + x x a 2 - x 2 a 1 )k 

Cjie/i,OBaTejibHO, OTo6pa:sceHiie f a °x = a * K o x HMeeT MaTpiiny 5Iko6h (6.3). 
PaBeHCTBO (6.4) cjie^yeT H3 uenoHKH paBeHCTB 

.3 \ d 



a 


-a 1 


-a 2 


-a 


a 


a 


a 


—a 


a 


-a 3 


a 


a 


a 


a 


-a 1 


a 


a 


a 


-a 2 


—a 


a 


-a 


a 


—a 


a 


a 


a 


a 


a 


-a 2 


-a 1 


a 



o o\ 

0-100 



10 
1 



\ a 



7. JIhhehhoe otobpa>kehhe 
TeopeMa 7.1. Jluneunoe omo6pawceHue a/ize6pu KeamepnuoHoe 

UMeem eduHcmeeHHoe pa3A0Jtcenue 
(7.1) 

IJpu 3moM 
(7.2) 



/ = clq o E + ai o I + a-2 o J + 03 o K 

n 1 



(7.3) 
(7.4) 
(7.5) 



(-fS + fi + fS + fS) 



4 = ^-/1) 

4 = \{ft-8) 



□ 



10 



AjieKcaHflp Kjichh 



(7.0) 


«() 


/o 


- A 


(7.7) 




= 5 (/o + 


fi) 


(7.8) 




- 2 Uo 




(7 9) 


" 3 


= ^(fn 1 + 


J 3 J 


(7.1U) 


"o 


- 2 ( /o 


~ Jl 


(7.11) 


r 

«1 


= 2 (/o + 


Jl) 


(7.12) 


a 2 


= 2 (/o + 


h) 


(7.1o) 


a 3 


- 2 l/o 


fl\ 

Js) 


(7.14) 


a 


= 2 (-/o 


+fl 


(7.15) 




= 2 (/o " 


fi) 


(7.16) 


a 2 


4(/o 3 + 


/2 1 ) 


(7.17) 




^(/o 3 + 


/ 3 °) 


/ToKasameAbcmeo. 


JllIHefiHOC 


OTo6pa>KeHHe 



fZ + fi) 



fi fs ) 



(7.18) 



V a 2 



-a 2 



a 2 



\ 



-af 



/ 



H3 CpaBHeHHH MaTpHII,i.I 0T06pajKeHHH / H MaTpHI^bl (7.18), MM nOJiy^HM CHCTGMy 

jiiiHefiHbix ypaBHeHHfi 



OTo6pa>KCHHil COnpH>KCHHil ajirc6pbl KBaTCpHHOHOB 



11 



(7 19) 


f 


= 4 + 


4 + 






(7 27) 


f 


= On + 




a? 4- 


2 
f / 
".i 


(7.20) 


f 


= - ft d 


+ a\ 


- 4 


- 03 


(7.28) 


/ 


„3 

= a - 


4 + 


Q2 + 




(7.21) 


f 


2 

= -oo 


-a? 


+ 4 


~4 


(7.29) 


/ 


= 4 + 


«?- 




4 


(7.22) 


f 


= -og 


-a? 


-<»2 


+ 4 


(7.30) 


/ 




-aj 


- 4 


+ a 


(7.23) 


f 


= 4 + 


+ 


<4 + 




(7.31) 


/ 


= 4 + 


a? + 


4 + 


4 


(7.24) 


f 


= a°- 


a° + 


a 2 ° + 


a 3 ° 


(7.32) 


/ 




+ 4 


2 

- a 2 


- a 


(7.25) 


f 


= -4 


-a? 




-4 


(7.33) 


/ 


= 4 + 


a\- 


a\ + 


a 3 


(7.26) 


f 


= 4 + 


a? + 


•> 

a 2 - 


«3 


(7.34) 


/ 


= a ° + 


4 + 


4 - 


a 3 



YpaBHeHHe (7.3) cjieflyeT H3 ypaBHeHiiii (7.19), (7.24). YpaBHeHHe (7.4) cjieflyeT 
H3 ypaBneHHH (7.19), (7.29). YpaBHeHHe (7.5) cjie^yeT H3 ypaBHeHiiii (7.19), (7.34). 
YpaBHeHHe (7.2) cjie^yeT H3 ypaBHeHHii (7.3), (7.4), (7.5), (7.19). 

YpaBHeHiie (7.7) cjie^yeT H3 ypaBHeHHii (7.23), (7.20). YpaBHeHHe (7.8) cjieflyeT 
H3 ypaBHeHHii (7.23), (7.33). YpaBHeHHe (7.9) cjie^yeT H3 ypaBHeHiiii (7.23), (7.30). 
YpaBHeHHe (7.6) cjie^yeT H3 ypaBHeHHii (7.7), (7.8), (7.9), (7.23). 

YpaBHeHHe (7.11) cjie^yeT H3 ypaBHennii (7.27), (7.32). YpaBHeHHe (7.12) cjie- 
pyeT H3 ypaBHeHHii (7.27), (7.21). YpaBHeHHe (7.13) cjie^yeT H3 ypaBHeHiiii (7.27), 
(7.26). YpaBHeHHe (7.10) cjie/iyeT H3 ypaBHeHHii (7.11), (7.12), (7.13), (7.27). 

YpaBHeHHe (7.15) cjie^yeT H3 ypaBHeHHii (7.31), (7.28). YpaBHeHHe (7.16) cjie- 
AyeT H3 ypaBHeHHii (7.31), (7.25). YpaBHeHHe (7.17) cjie^yeT H3 ypaBHeHHii (7.31), 
(7.22). YpaBHeHHe (7.14) cjie^yeT H3 ypaBHeHHii (7.15), (7.16), (7.17), (7.31). □ 

H3 TeopeMbi [3J-2.6.4 (cmotph TaioKe TeopeMy [lj-3.7.4) cjie^yeT, hto MHOxe- 

CTBO JIHHeifflMX 3H,I];OMOp(pH3MOB C(H] H) ajire6pBI KBaTepHHOHOB H H30MOp<pHO 

TeH3opHOMy npoH3Be/i,eHHio H ® H. TeopeMa 7.1 yTBepjK^aeT, hto Mbi mcckem pac- 
CMaTpHBaTB MO/iyjib C(H; H) k&k ff*-BeKTopHoe npocTpancTBO c 6a3HCOM 

(Ej,J,K) 

E[pHMep 7.2. CorjiacHO TeopeMe 3.2, OTo6pa»ceHHe 

a*E : H -> H a e H 

HMeeT MaTpiiny 

f a -a 1 -a 2 -a 3 ^ 

a 1 a a 3 -a 2 

a 2 —a 3 a a 1 
, a 3 a 2 -a 1 a j 
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AjieKcaHflp Kjichh 



CorjiacHO TeopeMe 7.1, 



a° = 




-a 


+ a° + a° + a ) 




a o = 




-a 1 


- (-a 1 ) + (-a 1 ) 


-a 1 ) 


a 2 = 




-a 2 


- a 2 - (-a 2 ) + ( 


-a 2 )) 


4 = 




-a 3 


+ (_ a 3) _ a 3 _ ( 


-a 3 )) 



«i 




1 


(a 


-a°) 


«i 





1 

o 


(a 1 




«i 


= 


1 


i- 2 

a 


+ a 2 ) 


«i 




1 

2 


(a 


- (~a 3 )) 


a 2 




1 

2 


(a 


-a°) 


a 2 




1 

2 


(a 1 


-(-a 1 )) 


a 2 




1 

2 


(a 


+ (-a 2 )) 


a 2 




1 

2 


(a 


+ a 3 ) 


a 3 




1 

2 


(a 


-a°) 


a 3 




1 

2 


(a 1 


+ a x ) 


a 3 




1 

2 


(a 


- (-« 2 )) 


«3 




1 

2 


(a 


+ (-« 3 )) 



IIpHMep 7.3. CorjiacHO TeopeMaM 3.1, 3.2, OTo6pa»ceHHe 

f:H^H f = aoE + a*E aeH 
f o x = ax + xa 



OTo6pa>KCHHii conpn>KCHHii ajirc6pbi KBaTcpmioHOB 

HivieeT MaTpnuy 



/ 


a 


-a 1 


-a 2 - 


a 








( 


a 


-a 1 


-a 2 




a 


a 


-a 3 


2 

a 










a 


a 


a 




a 


a 


a - 


a 




+ 






2 

a 


-a 3 


a 


V 


a 


-a 2 


a 


a 


) 






V 


a 


a 


-a 1 


/ 


2a° 


-2a 1 


-2a 2 




-2a 3 














2a 1 


2a° 
























2a 2 





2a° 



















V 


2a 3 










2a° 


J 











CorjiacHO TeopeMe 7.1, 

a° = ^(-2a° + 2a° + 2a° + 2a°) 
a J = ^(-2a x - (-2a 1 ) + 0-0) 
a 2 = ^(-2a 2 - - (-2a 2 ) + 0) 
a 3 = ^(~2a 3 + - - (-2a 3 )) 



a° = 


i(2«» 


-2a°) 


aj = 


i<V 


+ (-2o')) 


of = 


i<V 


+ 0) 


a 3 = 


i<V 


-0) 


a° = 


i(W 


-2a°) 


a\ = 


i<V 


-o) 


a 2 = 




+ (-2a 2 )) 


a\ = 


i<V 


+ 0) 


a 3 ° = 


i(2«° 


-2a°) 


a 3 = 




+ 0) 


a 3 = 




-0) 


of = 




+ (-2a 3 )) 
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□ 
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9. CnEU,HAJIbHbIE CHMBOJlbl H OB03HAHEHHH 



E jiHHeftHbiit aBTOMopcj3H3M ajire6pbi 

KBaTepHHOHOB 2 

J l. a MaTpima 5Iko6h jieBoro CflBura 3 
Jr a MaTpHi^a 5Iko6h npaBoro c^Biira 3 
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